The speed of a torsional stress wave transmitted in a solid waveguide, that has a non-circular cross-section and is submerged in a liquid, is inversely proportional to the density of the liquid. Thus, by measuring the speed of the torsional stress wave, one can obtain information about the liquid's density or density-related characteristics such as liquid level and the mass composition of bi-phase mixtures. A predictive theory is developed to correlate the speed of the wave with the liquid's density and the shape of the waveguide's crosssection. The theory is used to optimize the waveguide's geometry so as to increase the sensor's sensitivity. The theoretical results are compared and found to favorably agree with experimental observations. The speed of a torsional stress wave transmitted in a solid waveguide, which has a noncircular cross section and is submerged in a liquid, is inversely proportional to the density of the liquid. Thus, by measuring the speed of the torsional stress wave, information can be obtained about the density of the liquid or density-related characteristics such as liquid level and the mass composition of biphase mixtures. A predictive theory is developed to correlate the speed of the wave with the density of the liquid and the shape of the waveguide's cross section. The theory is used to optimize the waveguide's geometry so as to increase sensor sensitivity. The theoretical results are compared and found to favorably agree with experimental observations.
In a recent article, Bau 'ø advanced a simple, approximate, predictive theory that provides a correlation between the speed of propagation of the torsional stress wave and the adjacent fluid density. The theoretically predicted results were found to be in good agreement with Lynnworth's 3 experimental observations. In this article, we shall use the aforementioned theory to optimize sensor sensitivity. We calculated the speed of the torsional stress wave in waveguides of different cross sections. Concurrently, we carried out a few experiments. The theoretical predictions were compared and found to favorably agree with the experimental observations.
I. THE APPARATUS
The apparatus consists of a waveguide, made of an elastic material of density p,, with a uniform noncircular cross section, which is submerged in a liquid of density pf and subjected to a torsional pulse (Fig. 1 ) .
In our experiments, the torsional stress waves are conveniently introduced utilizing magnetostrictive phenomena. One end of a delay line made of a magnetostrictive material is soldered or glued to the waveguide. A coil is placed around the other end of the delay line (Fig. 1 ) . The delay line is electrically polarized so as to develop a circumferential, permanent, magnetic field inside the magnetostrictive wire. The introduction of a current pulse into the coil causes a time varying axial magnetic field to develop. The interaction between the two aforementioned fields leads to a twisting force on the magnetostrictive wire and the generation of a torsional pulse. This is knbwn as the Wiedemann effect." The resulting torsional stress wave travels in the magnetostrictive wire. Part of the wave is reflected at the magnetostrictire wire-waveguide interface. The other part travels through the waveguide and is reflected from its other end. The reflected wave causes electromotive force in the coil, which now acts as a receiver. This is known as the inverse Wiedemann effect. The signal can be viewed on an oscilloscope's screen. In Fig. 2(a) and (b), we depict, respectively, typical signal traces from our experiments and the corresponding spectrum of the reflected wave. The signal denoted A in Fig. 2 (a) In our experiments, we typically employ waveguides made of stainless steel with length L = 300 min. The delay line is made of "Remendur" (Co-Fe-V) of length about 1000 mm. The typical travel time of the torsional stress wave in a waveguide with a rectangular cross section (2.58 minX0.73 mm) in air is about 360/zs. The time span can typically be measured with a precision of 5 ns. The reflectivity of the delay line-waveguide interface can be controlled by adjusting the mechanical impedance mismatch at the interface. This is typically done by soldering a small ring around the waveguide.
The experimental procedure consists of either submerging the waveguide fully in liquids of various densities or varying the level of submersion of the waveguide in a given liquid. In the former case, the density of the adjacent liquid is correlated with the travel time of the torsional stress wave in the waveguide, while in the latter, the length of the wet portion of the waveguide is correlated with it.
II. THEORY Consider a torsional stress wave traveling in a waveguide with a uniform, noncircular cross section submerged in a liquid. As the torsional wave travels through the waveguide, the solid-liquid interface is alternately accelerated and decelerated. Consequently, the inertia, which needs to be overcome by the torsion pulse, is a combination of the 
•, = 0, The second is V•2 = 0, @R,
The stream function for the original problem (2) 
Typically, we prefer to use the area integral in (6), rather than the line integral, in order to minimize possible inaccuracies that may occur as a result of corner singularities. Since the velocity of the solid-liquid interface is relatively small, there is no need to include energy losses due to acoustic radiation. 13
The apparent inertia (I/) is obtained from
Equations ( 
B. Torsional rigidity
In order to calculate the torsional wave speed [Eq.
( 1 ) ], we also need to know the torsional rigidity of the waveguide. To this end, we employ the standard torsion theory of thin rods. i5 Briefly, we assume that when the torsional stress pulse is applied to the waveguide, neighboring cross sections at distance dz apart rotate through relative angle d4, which is assumed small. We define the stress function H(x, y) in such a way that the shear stresses (r) in the x and y directions are given by dz c)y ' r:y =-G dz c)x '
where (x,y) are Cartesian coordinates lying in the cross section's plane (Fig. 3) . The equilibrium condition suggests that the stress function should satisfy Poisson's equation i5 V:H= -2,
while the requirement that the lateral surface of the rod will be stress free leads to the boundary condition H= constant, @B,
where B i is the boundary of the cross section (Fig. 3) . We note in passing that the boundary condition (10) ignores the interaction between the pressure field in the adjacent fluid and the stress field in the solid. Thus the above boundary condition is not strictly correct, and it may serve only as a first-order approximation.
We solve Eqs. 
K = (D/I,) •/2 as a function of the aspect ratio for the el-
lipse, rectangle, diamond, and cross-shaped cross sections. The symbols correspond to experimental observations for the circular and rectangular cross sections. We note that the agreement between experiment and theory deteriorates as the aspect ratio increases. This deterioration is attributed to dispersion effects, which were excluded for the simple theory.
Physically, K represents the ratio between the speed of the torsional stress wave in each of the above cross sections and a corresponding circular cross section of radius a.
III. COMPARISON WITH EXPERIMENTS
In order to verify the theoretical predictions described in Secß II., we carried out a few experiments. The experimental observations consisted of measuring the flight time (t) of the torsional stress wave in the waveguide (see Fig. 2 curve for the hexagonal cross section is attributed to dispersion effects. Figure 9 gives some indication about the kind of resolution one may expect to obtain from this device. In Fig.   9 , we also examine briefly the effects of viscosity on the waveguide's performance when the rectangular waveguide is submerged in liquids of various viscosities. The points denoted 1, 2, 3, and 4 in Fig. 9 correspond to liquids with viscosities ¾--1180, 620, 310, and 50X 10 -6 m2/s. The viscosity of water at room temperature is about 10 -6 m2/s. We note in passing that viscous effects become significant only when 2a/v• < 100, where 2a represents the larger dimension of the cross section.
In summary, the simple theory presented in Sec. III agrees favorably with experimental observations for solid cross sections with small to moderate aspect ratios { i.e., up to a/b--3.5). As the aspect ratio increases, the deviation between the theoretical and experimental results increases as well. This increasing discrepancy is attributable to the rise in dispersive effects as the aspect ratio is increased. Dispersive phenomena were excluded from our simple theory (Sec. II).
To be more specific, dispersion's importance increases as the ratio of the cross section's large dimension {2a) and the wavelength (2) The analysis of Sec. II suggests that sensor sensitivity is directly proportional to the ratio I//I,. Since the ratio clearly increases monotonically as the aspect ratio (a/b) increases, it would seem desirable to operate with as large an aspect ratio as possible (see Fig. 6 ). Unfortunately, the aspect ratio cannot be increased without limit. A minimum value must be set for b to assure structural integrity. Additionally, the value of a should be well below the wavelength of the torsional stress wave so as to minimize dispersion.
For a fixed ratio, the I//I, ratio may be increased by a proper choice of geometrical configurations for the cross section. For example, for aspect ratio a/b = 5, the diamondshaped cross section is 3.3 times more sensitive than the rectangular cross section (Fig. 6) . Below, we shall set forth physical arguments for the diamond-shaped cross section outperforming the elliptical one, and the elliptical one outperforming the rectangular cross section. The fluid's apparent inertia (I/) around the rectangle exceeds that around the ellipse and the diamond. However, as the aspect ratio increases, all these apparent inertias approach the common limit I/= 1/8 7ra 4, which is the apparent inertia of the flat plate of length 2a rotating about its center. In the case of the diamond and that of the ellipse, the limit is approached from below, while in the case of the rectangle, the limit is approached from above. The same is not true, however, with regard to the cross section's polar moment of inertia (I•).The moments of inertia (I•) do not approach a common limit as a/b increases. For example, in the cases of the ellipse and the rectangle, the ratio of the polar moments of inertia is fixed and equals 16/(3•r).
The foregoing suggests a clear means of improving the senseds sensitivity. One ought to reduce the cross section's polar moment of inertia (I•) as much as possible. The diamond-shaped cross section has a lower polar moment of inertia than the rectangular cross section does. We conceivably could further improve upon the diamond-shaped cross section by using concave curves rather than the diamond's straight lines.
One might be tempted to try to increase the fluid's apparent inertia (I/) by using a winged (or finned) cross sec- cal case), the polar moment of inertia will increase almost linearly with the number of fins. Consequently, as the number of fins increases, the ratio If/I s will decrease.
Likewise, the cross-shaped cross section we dealt with in Fig. 6 does, in fact, induce a higher apparent inertia (If) than any of the other cross sections in Fig. 6 , but, at the same time, the polar moment of inertia (It) increased even faster. Thus, on balance, the performance of the cross-shaped cross section was worse than that of the other cross sections depicted in Fig. 6 . In sum, winged (or tinned) cross sections are likely to reduce the ratio (If/Is) and thus are not desirable for our purposes.
Another conceivable means of reducing the waveguide's polar moment of inertia is the deployment of hollow waveguides. Unfortunately, our experiments with the square waveguide with a square bore suggest that the use of hollow waveguides will not always contribute to the sensor's sensitivity because of the excitation of stress waves other than the torsional ones. It is possible, however, that better results than those reported here would be obtained using hollow waveguides with special shaped bores such as those bounded by a stress line. •5 Sensor sensitivity, conceivably, also might be improved by increasing the apparent inertia of the fluid (If) by externally confining the fluid, i.e., by placing the waveguide inside a tube. Indeed, it may be desired to use such an external tube to provide a mechanical protection for the waveguide. However, for such a confinement to yield a significant increase in the fluid's apparent inertia, a very narrow gap between the waveguide and the confinement must be maintained (see the Appendix). Such a narrow gap probably would not be acceptable in many applications.
V. CONCLUSIONS
A simple theory has been advanced to predict the performance of a torsional wave sensor. The theory is applicable for waveguides with solid cross sections whose larger dimension is smaller than 0.1 of the wavelength. The theoretical predictions have been compared and found to favorably agree with experimental observations.
The theory was used to optimize sensor performance. To improve the sensor sensitivity, one must maximize the ratio I•r/Is and minimize the density of the waveguide (Ps). The ratio (I?/Is) increases monotonically as the aspect ratio (a/b) increases. However, for practical reasons, the aspect ratio a/b cannot be increased without limit. A minimum value must be set for b to assure structural integrity, and the value of a should be well below the length of the torsional wave in order to minimize dispersion. For a fixed aspect ratio, it appears that the diamond-shaped cross section outperforms the other cross sections considered in this paper (rectangular, elliptic, cross-shaped, and winged). casing. The smaller the gap between the sensor and its casing, the higher the sensitivity isl Of course, the smallest feasible magnitude of the gap will be dictated by the environment in which the sensor is operating. The cleaner the environment, the smaller the gap may be.
